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Based on a universal seesaw mass matrix model with three scalars <pi, and by assuming 
an S3 flavor symmetry for the Yukawa interactions, the lepton masses and mixings are in- 
vestigated systematically. In order to understand the observed neutrino mixing, the charged 
leptons (e,fx,r) are regarded as the 3 objects (ei, 62,63) of S3, while the neutrino mass- 
eigenstates are regarded as the irreducible representation (v rn v a ,v^) of S3, where (y v , v^) and 
u a are a doublet and a singlet, respectively, which are composed of the 3 objects {y\, 1*2, V3) 
of S 3 . 

1 Introduction 

It is generally considered that masses and mixings of the quarks and leptons will obey a 
simple law of nature, so that we expect that we will find a beautiful relation among those values. 
However, even if there is such a simple relation in the quark sector, it is hard to see such a relation 
in the quark sector, because the relation will be spoiled by the gluon cloud. We may expect 
that such a beautiful relation will be found just in the lepton sector. Therefore, in the present 
paper, we will confine ourselves to the investigation of the lepton masses and mixings. Here, 
we would like to emphasize that we should search a model which gives a reasonable description 
of not only the masses, but also the mixings. Especially, we should direct our attention to the 
mixing pattern rather than to the mass spectrum in the neutrino sector. 

It is also considered that the mass matrices of the fundamental particles will be governed 
by a symmetry. In the present paper, we take notice of a permutation symmetry S3 [I]. Let us 
begin with giving a short review how useful a description based on the S3 symmetry is in the 
lepton masses and mixings. 

The observed neutrino data have strongly suggested that the neutrino mixing is approxi- 
mately described by the so-called tribimaximal mixing [2] 
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The tribimaximal mixing is interpreted in the framework of S3: We define the doublet (VViV'n) 
and singlet if) a of the permutation symmetry 53 as 
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where (?/>i, "02, V^) are three objects of S3. When we assume that the mass-eigenstates in the 
charged lepton sector are (ei, e2, 63) = (r, /i, e), while those in the neutrino sector are (u n , u^, u a ) 
with the mass hierarchy 

m v 2 < m v 2 < m ulT 2 , (1.3) 

the neutrino mixing matrix U u of the basis (y v , u a , u n ) to the basis (e±, = (e, fi, r) is given 

by the form (1.1), because the basis [y v , u a , u^) is given by 
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Here, the weak iso-doublets are given by {yi, ej)x (i = 1,2,3) [and also {v a ,e a )L (a = 7T ,Vi (J )]- 
In other words, in order to obtain the tribimaximal mixing, we must build a model where the 
mass-eigenstates are (ei, 62,63) = (r, /i, e) and {y^,v^v a } with the mass hierarchy (1.3). 

On the other hand, it is well-known that the observed charged lepton mass spectrum [3] 
satisfies the relation [4J [5] 
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with remarkable precision. The mass formula (1.5) is invariant under any exchange sjm. 



(1.5) 



(i,j = e,fJL,r). This, too, suggests that a description by S3 may be useful for a mass matrix 
model. 

As an explanation of the mass formula (1.5), the author has proposed a model (5JE1I7] with 
3 flavor scalars 4>i in the framework of the universal seesaw model [8] : A fermion mass matrix 
Mf is given by 

Mf = m f L Mp 1 m f R , (1.6) 

where Mp is a mass matrix of hypothetical heavy fermions (i = 1, 2, 3). For example, for the 
charged lepton sector, we assume 



m\ = -m R = y e dia,g(vi,v 2 ,v 3 ) 



(1.7) 



[k is a constant with k»1) and Me oc 1 = diag(l, 1, 1), where V{ = (4>° Li ) = (((>%) /k, and m e L 
(and also m e R ) is defined by e^rn^ER. 

If we assume that the vacuum expectation values (VEV) Uj satisfy the relation 
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we can obtain the relation (1.5). Of course, here, we have assumed that the Yukawa interaction 
in the charged lepton sector is given by an 6*3 invariant form 



H e = Ve [^LI^LiErx + Il2$L2Eri + t L?,4> 'L3-E 7») 



(1.9) 



(and also a similar interaction for £ R cj) R E L ), where £ L / R = {v L/R ,e L / R ), and(p L / R = {4>t / w / r) ■ 
The form (1.9) is not a general form under the S3 symmetry. We have assumed the universality 
of the coupling constants in additon to the S3 symmetry. 
The relation among the VEVs Uj, (1.8), can read 



vl + v 2 v = v 2 a , (1.10) 



in terms of S3, because 



vl + vt + vl = vl + v} + vl = 2vl = 2( Vl + 1 ^ +V3 y , (1.11) 

where v a = {(fP a ) (a = 7r, 77, tr), and (^i ^jj ^) have been defined by Eq.(1.4). For a Higgs 
potential model based on an S3 symmetry which leads to the relation (1.10), for example, see 
Ref. [9]. The £3 symmetry is again related to the lepton masses and mixings. 

Thus, it is likely that the S3 symmetry (or a higher symmetry which include S3) plays an 
essential role on a unified description of the lepton mass matrices. In the present paper, we will 
assume that, in the universal seesaw model with three scalars fy, the Yukawa interactions are 
exactly invariant under the S3 symmetry, and the S3 symmetry is broken only by the VEVs Vi 
of the three scalars 0j. For the seesaw mass matrix model (1.6), by inheriting the formulation 
in charged lepton sector, we assume as follows: (i) Mp have a unit matrix structure, at least, 
for the charged lepton and neutrino sectors, i.e. 

M E ocl, Afjvocl. (1.12) 

(ii) rrJ L (and m R ) have sector-dependent (/-dependent) structures. We still assume the diagonal 
form 

m| = y e diag(<^,^), (1.13) 

in the charged lepton sector, but we consider that m L in the neutrino sector is not diagonal. 
Therefore, in the present model (1.6), the neutrino mixing is caused by the structure of m v L . 
We also assume that the VEVs vf satisfy the relation (1.8) as well as vf in the charged lepton 
sector. However, note that in spite of the assumption (1.8) for vf, the eigenvalues of the matrix 

in general, do not satisfy a relation similar to Eq. (1.8). The purpose of the present paper 
is to investigate what structure of the Dirac mass matrix m v L in the seesaw mass matrix model 
(1.6) is required in order to fit the model for the neutrino oscillation data. 

By the way, the seesaw-type model (1.6) with 3 scalars (fru (and 4> R i) causes some trouble, 
for example, the flavor changing neutral currents (FCNC) problem, the spoiling of the asymptotic 
freedom of the SU(3) color, and so on. Therefore, instead of the Yukawa interaction (1.9), we 
may consider a Frogatt-Nielsen [TU] type model with five dimensional operators luHL(j)iE R i, 
where Hi is the conventional SU(2)^-doublet Higgs scalar Hl = (H^,H^), and 4>i are 3-family 
SU(2)^-singlet scalars: 

H eff = y J L H d L ^E R + y J L Ht^N R , (1.14) 



where A/ are scales of the effective theory. We consider = \g^{{H^) + (H~) ) and 

{4>f)/hf ~ 1 (/ = u,d). Since we interest only in the flavor structure, for convenience, here- 
after, we will drop the Higgs scalars from Eq. (1.14) and we will call IlH^c^Nr the Yukawa 
interaction £l4> u Nr simply. 

2 Mass eigenvalues 

In general, an S3 invariant Yukawa interaction with 3 scalars (p a (a = ir, rj, a) is given by 
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(2.1) 



where we read = II = (^e^) , V = ^fl an d <^a = 4> d a f° r the charged lepton sector, 
ip = £l, tjj = Nr (or vr) and </> a = for the neutrino sector, and we have dropped H[/Af for 
convenience. For example, the interaction (1.9) in the charged lepton sector corresponds to the 
case 



1 2 

yo = y e , yi = 0, y 2 = -j=y e , yz = yi = \j ^y e - 



(2.2) 



The Yukawa interaction (2.1) gives the mass matrix m{ for the basis (ip n , ip v , ip a ), 
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Hereafter, for simplicity, we confine ourselves to investigating a case with a symmetric 
mass matrix form (m£) T = m{, i.e. with 2/3 = j/4. Then, we have still 5 parameters, 
yiVu-, y2V-K, 2/3^7r and v^/v^, in the model, so that the model has no predictability. In 
the present paper, we do not impose a further symmetry on the model. Alternatively, we will 
investigate what constraints on the mass matrix parameters (or specific relations among those) 
are required from the phenomenological studies. 

Now let us return to the subject on the neutrino Dirac mass matrix m v L which is, in general, 
given by the form (2.3) on the basis (^v? 

). (Hereafter, for convenience, we will denote y\ as 
yi simply.) As we discussed in the previous section, the present neutrino oscillation data favor to 
the tribimaximal mixing, so that the neutrino states are approximately in the mass eigenstates 
(u v , u a , u n ) with m 2 q < m 2 a < m 2 . Therefore, for convenience, we investigate a case in the limit of 



2/3 = 0. (Since the observed neutrino mixing is not the exact tribimaximal mixing, the condition 
j/3 = is only an approximate requirement for convenience.) The mass matrix with 2/3 = is 
diagonalized by a rotation 



R(9 nrt ) 



where c nr} = cos 9 nT) and s nv = sin 9 nT) , and 
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as 



R T (9 nri )m u L R{9 1Tri ) = diag(m^., m v ,m a ). 



The mass eigenvalues and 771 (j are given by 



(2.6) 
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where we have defined 



V2y + 2/1 > 0, 



(2.8) 



and the upper and lower signs in ±|j/2| (and also =f|2/2|) correspond to the cases 2/2^ > and 
y2V v < 0, respectively. 

In the previous section, we have assumed that the VEVs vf of the scalars cj)f, which couple 
to the charged leptons, satisfy the relation (1.10). Therefore, we also assume that the VEVs vf 
of the scalar (f>f, which couple to the neutrino sector, satisfy the relation 



1 



«) 2 + «) 2 = (^) 2 = -vl 



(2.9) 



where we do not always consider (4>f) = (<fif). Then, the mass eigenvalues (2.7) lead to 



(2.10) 



Note that the mass spectrum is independent of the parameters v^/v™ and v™/v™, and only 
depends on the parameters 2/1/yo and 1 2/2 1 / 2/0 - On t ne other hand, as seen in Eq.(2.5), the 
mixing angle 9 WV is independent of the parameters 2/i and only depends on the parameter v^/vfj. 



As we discussed in Sec.l, the observed tribimaximal mixing suggests that the neutrino mass 
eigenstates are (v v , u a , If the mass hierarchy is a normal type, it demands m 2 < m 2 <C m 2 , 
and if it is an inverse type, it demands m 2 <C m 2 < m 2 . The conditions for m 2 < m 2 < m 2 
and m 2 < m 2 < m 2 are given in Appendix. 

By the way, we have still two adjustable parameters yi/yo and 2/2/2/0 to predict the neutrino 
mass spectrum. In the following sections, we will investigate two typical cases by putting 
assumptions for the coupling constants yo , y\ and 2/2- Of course, the assumptions must also be 
applicable to the charged lepton coupling constants (2.2). 

3 Case with y 2 = y\ + y\ 

In the mass matrix (2.3), the y±- and 2/2-terms are traceless, while the trace of the 2/0-term 
is not zero. This suggests that the 2/0-term may be distinguished from the other terms under a 
higher symmetry. Therefore, by way of trial, we put the following normalization condition for 
the coupling constants 

(3.1) 
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which is satisfied by the coupling constants (2.2) in the charged lepton sector. Since we have 
assumed that 1/3 = in the neutrino sector, we can explicitly write the condition (3.1) as 



2/1=2/0 sin a, 2/2 = 2/0 cos a. 
Then, we can rewrite Eqs.(2.10) as 



(3.2) 
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(3.3) 



where — | < a < | (cos a > 0), and, for | < a < |vr, we substitute ir — a for a in Eq.(3.3). 
Note that the case with the condition (3.1) which leads to Eq.(3.3) gives the relation 

2 

ml +m v + ml = -{m^ + m v + m a ) 2 . (3.4) 

Since these masses {m^^m^^m^) are Dirac masses in the neutrino seesaw mass matrix M u = 
m^MJj 1 (m u L ) T , if we take the heavy Majorana mass matrix Mjy with the unit matrix form, we 
obtain the neutrino masses which are proportional to m 2 , m 2 and m 2 , respectively. Therefore, 
the neutrino masses will satisfy a relation similar to the charged lepton mass relation (1.1) . 
The differences among m 2 , m 2 and m 2 are given as follows: 



m\ — m 2 = ±— p cos a{\[2 + sin a)y { 
V 3 
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(3.7) 



where |a| < ir/2. For a case with a normal hierarchy, we should read the upper signs in 
Eqs.(3.5)-(3.7), so that we obtain 



2 2 2 r 

m„ < m c < tor 



7T 7T 

6 <a< 6' 



(3.8) 



For a case with an inverse hierarchy, since we should read the lower signs in Eqs.(3.5)-(3.7), we 
obtain 

m 2 < m 2 < to 2 for — ^ < a < — — . (3.9) 

Next, let us seek for the numerical value of a which gives the ratio of the observed values 
H iar = (7.9±8J) x 10- 5 eV 2 HB to Aml tm = (2.74+g^) x 10" 3 eV 2 £2], 



Z\?77 ^ 

Robs = * T' ar = (2.9 ± 0.5) x 10~ 2 . 



(3.10) 



The predicted ratio R(a) is given by 



fl(o) 



(3.11) 



for a normal hierarchy m 2 < m 2 <C m 2 . From R(a) = R b s , we find 



a 



3.0 



-1.2\° 
+1.4J 1 



(3.12) 



where the sign =p corresponds to the sign ± of the experimental error in Eq.(3.10). Similarly, we 
seek for the case with an inverse hierarchy, but, we find that there is no solution with an inverse 
hierarchy. 

The solution a = (3.0^J' 2 )° gives 



m 



v = -(o.o76t° : °o8)yo^, 



m a = (0.38 ± 0.01)2/0^, 
= (0.923 =F 0.006)y v u . 



(3.13) 



The result m v < leads to the change of the sign yjm v \ 
Eq.(1.5): 



-y/m v \ in a relation similar to 



m v i + m v2 + m U 3 = - (-^m ul + ^m u2 + y/m V 3Y 



(3.14) 



The relation (3.14) for the neutrino masses has recently speculated by Brannen [13] based on 
an algebraic method (however, the algebraic method is highly mathematical, and the physical 
meaning of the method is somewhat not clear in the "masses and mixings" ) . 



The values (3.13) predicts the following neutrino masses 



m„i = (3.5 ±0.5) x 10~ 4 eV, 

m v2 = (8.7 ± 0.2) x 10~ 3 eV, (3.15) 
ro„ 3 = (5.23;°;^) x 10~ 2 eV, 



from the input value m v z = y Am 2 tm . 

Generally, the masses mji which satisfy the relation (1.5) [or (3.14)] are expressed by a 
bilinear form 

mfi = (z fi ) 2 m f o, (3.16) 

where the sector-dependent parameters z/i are normalized as (z/i) 2 + (z/2) 2 + { z fi) 2 = 1- Then, 
the parameters Zf% can always be expressed by the form 



2 /3 = ^-73 sin ^/ + l 7r )' 



where we have taken z 2 x < zj 2 < z f^- From the observed charged lepton mass values [3J, we 
obtain the numerical value of £ e 

£ e = ^ - e = 42.7324° (e = 2.2676°). (3.18) 

Note that, in the limit of e — * 0, the electron mass becomes zero. We consider that the parameter 
e is a fundamental parameter which governs the charged lepton mass spectrum. 

Comparing the expression (3.3) (with the upper signs) with the expression (3.17), we find 
that the parameter a is connected to by the relation 

« = f-&- ( 3 - 19 ) 

Therefore, we obtain 

= (| -«) - =TJ + £ - Q! - ( 3 ' 2 °) 

Since the value of a, (3.12), which is a solution of i?(a) = -R & s , is very close to the value 
e = 2.27°, (3.18), from the observed charged lepton masses, we can regard a as a = e. Then, 
we obtain a phenomenological relation 

& = & + ^. (3.21) 

The relation (3.21) has also been speculated by Brannen [13], but the reason is still controversial. 
(Of course, in the present model, there is no theoretical reason for a = e.) 

4 Case with y% + y\ — y\ 



In the previous section, we have assumed a constraint (3.1) on the Yukawa coupling con- 
stants ?/o, y\ and y 2 . However, the theoretical basis of the constraint is not clear. In the present 
section, instead of the constraint (3.1), we assume another constraint 

vl + yl = yl + yl (4.1) 

which is again satisfied by the Yukawa coupling constants (2.2) in the charged lepton sector. 
The condition (4.1) means a requirement of the universality of the coupling constants in an 
extended meaning; the coupling constants of ipa^a 

(a = TT,rj,a) to the scalar s are normalized 
with the equal weights for the scalars 4> a and (f> n (^). 

In the neutrino sector, since we have assumed 2/3 = 0, we can denote the condition (4.1) as 

2/0 = V2 cos (3, yi = y 2 sin 0. (4.2) 

Then, the mass eigenvalues (2.10) are expressed as follows : 



77V = ± [sin(/3 + (f> ) ± 1] \y 2 \v u , 

m v = \ [sin(/3 + (f> ) =F 1] \y2\vu, (4.3) 
m c = -j= cos(/3 + 4>o)y 2 Vu, 



where 

sin^ = y|, cos0 o = -^=, (00 = 54.74°), (4.4) 

we have again taken the condition (2.8), i.e. 

sin(/3 + o )>O (-00 < < vr - 0o), (4.5) 

and the upper and lower signs in Eq.(4.3) correspond to the cases y 2 v r) > (a normal hierarchy 
case) and y 2 v v < (an inverse hierarchy case), respectively. 
From the expression (4.3), we find 

ml + 777,2 + m 2 = y 2 v 2^ ^ 
m v + m a + m w = \j^y 2 v u cos p. (4.7) 

Therefore, we obtain 

%{m,Tr + 77l„ + 777-j) 2 r, r, 

sK I— y ' = cos 2 P = l- sin 2 p. 4.8 
7774 +m*+ raj 

Thus, the parameter P in the present model denotes a deviation from the mass formula (3.14) 

[(3.4)]. 

Note that if we find a solution P = P\ which gives R{P) = R Q b s \R{P) is given by Eq.(3.11) 
with a — ► P, and R a b s is given by Eq.(3.10)], the value p 2 = 2(f>o — Pi [</>o is defined by Eq.(4.4)] 



is also a solution of R((3) = Robs- Prom the expression (4.3), it is obvious that the solutions (5\ 
and /?2 give the same values for m, and m v , but they give the values with the opposite signs to 
each other for m a . We list those solutions of R(/3) = R bs in Table 1, together with the values 
of m v , m a and m n . 

In Table 1, we also list the predicted values of the neutrino masses m v \ = m^/Mx, m U 2 = 
rr? a jM^ and = fn^/^N {^N is a Majorana mass Mn = Mjvi = M^2 = ^nz of the heavy 
neutrinos Nj). Here, as the input value, we have used m u s = \J Am^ (m = 0.0523 eV for the 
normal hierarchy case, and m V 2 = \J ^rn? atm = 0.0523 eV for the inverse hierarchy case. At 
present, the numerical values of m V i should not be taken rigidly. Therefore, we have omitted 
the error values from Table 1. 

5 Neutrino mixing matrix 

As we discussed in Sec. 2, the additional rotation R(6 wri ) from the tribimaximal mixing, 
(2.4), depends only on the value v^/v™, and it is independent of the values of yo, y\ and yi- In 
order to see the effects of the additional rotation R(0 nr) ), we change from the basis v^, v a ) 
defined by Eq.(1.4) into the basis (v v , u a , v^) given by 



where Utb is the tribimaximal mixing matrix defined by Eq.(l.l). If v^jv^ / 0, i.e. R{9 1T - q ) / 1, 
the neutrino mixing matrix U v is given by 




(5.1) 




(5.2) 



where s 



sin 6 nn and c n „ = cos 0. 



i.e. 



tan Q solar — 



1 



(5.3) 



2cl 




(5.4) 



For convenience, we define the following Zj-parameters 



(5.5) 



(4>: 



(5.6) 



with the normalizations ^2Azf) 2 = Yli( z t ) 2 = 1- Here, note that in Eq. (3.10), we have already 
define the zjj-parameters similar to the present zf- and z^-parameters. In the charged lepton 
sector, since ^/rn^i oc vf, the relation z e i = zf holds. However, in the neutrino sector, since m u L 
is not diagonal, the values z v i are not identical with zf. 

For the -parameters, from the relation (1.5), we obtain 




(5.7) 



i.e. 

zf = 0.016473, zf = 0.23678, zf = 0.97140. (5.8) 

If we assume zf = zf, we obtain zf = 0.51939, zfj = 0.47982 and zf = 1/^2 from the 
definition (1.4). Then, the rotation angle 6 WV = — (1/2) tan~ 1 (vf/vfj) = —23.63° is too large to 
explain the observed neutrino mixings [see Eqs.(5.3)-(5.5)], so that the case zf = zf is ruled out. 

By the way, it is well known that the so-called 2 <-> 3 symmetry p3] is promising for neutrino 
mass matrix description. Therefore, the simplest assumption is to require the 2 <-> 3 symmetry 
for the VEV values (cfif), i.e. = i^, which leads to 

vf = 0. (5.9) 

The case gives 9 nv = from Eq. (2.5), so that the neutrino mixing is exactly given by the 
tribimaximal mixing (1.1). Note that if we required the 2 *-* 3 symmetry for the fields £l = 
the symmetry would affect the charged lepton sector, too. Here, we have required the 
2 <-> 3 symmetry only for {<j>f), not for (4>f), so that the symmetry does not affect the charged 
lepton mass matrix. 

Of course, the 2 «-> 3 symmetry is a phenomenological requirement, and the constraint 
may be broken. From the observed constraint [15J (U u ) 2 < 0.03, we obtain the constraint 
\9 nv \ < 12.2°, i.e. 

— < 0.46. (5.10) 



6 Concluding remarks 

In conclusion, based on a universal seesaw mass matrix model (1.6) with three scalars 
4>i, and by assuming an 53 flavor symmetry for Yukawa interactions, we have investigated the 
neutrino masses and mixings. For the VEV values of <$>\ (/ = u,d), stimulated from a Higgs 
potential model [U] for <fo, we have assumed the constraint 

(4) 2 + (cf>f) 2 = (rt) 2 , (6.1) 

where (4> n , (f)„, (f) a ) are defined by Eq.(1.4). However, since we have 4 independent Yukawa 
coupling constants yo, y%, y2 and 7/3 which are defined by Eq.(2.1), the model does not have 
predictability. Therefore, in the present paper, suggested by the observed neutrino mixing (the 



tribimaximal mixing), we have investigated only a simple case with 2/3 = where only the v^-v^ 
mixing is caused. (Since the observed neutrino mixing is not the exact tribimaximal mixing, the 
condition 2/3 = is only an approximate requirement for convenience.) In the case with 1/3 = 
together with the assumption (6.1), our conclusion is as follows: the mass eigenvalues depends 
only on the values of the coupling constants yo, y\ and yi , while the v^-v^ mixing angle 6 n11 
depends only on the value of / (4%) • Therefore, we can discuss the topic of the neutrino 
mass spectrum independently from that of the deviation from the tribimaximal mixing. 

For the neutrino mass spectrum, from the economical point of view of the parameter num- 
ber, we have investigated two typical cases with the constraints Vq = y\ + y\ and 2/0+2/1 = y\- 
The former case leads to a case which satisfies Brannen's relation (3.14) for the neutrino masses. 
Although the relation (3.14) is very interesting, the theoretical basis of the constraint y\ = y\ +y% 
is not clear. On the other hand, the later case is likely from the view point of the universality 
of the coupling constants. The later case does not satisfy the relation (3.14). Only for a small 
value of the parameter f3, the deviation from the relation (3.14) can become negligibly small. 
For example, for the solution j3 = 2.94° given in Table 1, the deviation from the relation (3.14) 
is very small, sin 2 (3 = 0.003, as seen in Eq.(4.8), so that the relation (3.14) is approximately 
satisfied. 

The neutrino mixing matrix U u can become the tribimaximal mixing (1.1) in the limit of 
v 2 = v 3 as gi yen m Eq.(5.2). If we require the 2 «-> 3 symmetry for vf (not for vf), we can obtain 
the tribimaximal mixing (1.1) without affecting the charged lepton mass spectrum. Of course, 
the 2^3 symmetry is a phenomenological requirement, and the constraint may be broken. 
From the observed constraint [15] (U u ) 2 < 0.03, we obtain the constraint Iutt/uJ < 0.46. 

The numerical predictions of m u i shown in Eq.(3.15) and in Table 1 were obtained by 
adjusting the parameter a {(3) for the observed ratio Am^ olar / Am 2 tm . Finally, we would like to 
give a speculation of neutrino masses by assuming a simple Yukawa interaction form [16] (and 
without using the observed value of Am 2 solar / Arn\ tm )\ 

Hv ~ Vu V 7! + T2 — ^ + — — ^ ) ■ ( } 

Here, in the charged lepton sector, we have assumed the universality of the coupling constants 
on the basis (ei, €2, e%), while, in the neutrino sector, we have assumed the universality of those 
on the S3 irrecucible basis (y^, v i\-> v a)- Then, the neutrino masses are predicted as 

m U 2 = \m v Q , (6.3) 
mu3 = (76 + 2) m 0' 



without an adjustable parameter. The case predicts 



Am|i 4^/6 - 9 



R = - — I 1 = -V = 0.0425. (6.4) 

Am| 2 4^6 + 9 



The value (6.4) is somewhat large comparing with the observed value (3.10), but, at present, the 
case is not ruled out within three sigma. Again, regarding m v % as m v z = \J Am 2 tm , we predict 
the explicit neutrino mass values as follows: 



m„i = (5.3lg;f) x 10~ 4 eV, 

m u2 = (1.05j£{g) x 10~ 2 eV, (6.5) 
m u3 = (5.22!°;!) x 10" 2 eV. 

The case (6.2) is also interesting because of the simpleness of its structure. The predictions (6.4) 
and (6.5) should be taken as results in an ideal limit. 

In conclusion, the present model (a lepton mass matrix model with a bilinear form) based 
on the S3 symmetry has given many interesting features for the mass spectra and mixings. 
However, the model still includes some adjustable parameters. Further investigation based on 
another symmetry which gives stronger constraints on the parameters than those in the S3 
symmetry will be desired. 
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Appendix 

In order to see whether the mass hierarchy is m 2 < m 2 < m 2 or m 2 < m 2 < m 2 , we 
estimate the differences among those masses as follows: 

ml - m 2 v = ±^=\y 2 \{V2y + Vl )vl, (A.l) 



- nr„ - -^=(V3yi ± |y 2 |)(2v / 22/o -yi± V3\y 2 \)v 2 u , (A.2) 



4 V / 3 V 



2 2 
m„ — m„ = 



"71 



° 4^/3 



1 (V3yiTM)(2V2y -yiT V3|y 2 |> 2 . (A.3) 



Since we have defined the factor (V^yo + Vi) as positive in Eq.(2.8), Eq.(A.l) means that, for the 
case of the normal hierarchy with m 2 > m 2 , we must take the upper signs in Eqs.(A.2)-(A.3), 
i.e. 



2 2 
m„ — m 



1 



= (V3yi + |y 2 |)(2v / 2y - yi + Vs\y 2 \)v 2 u > 0, (AA) 



m 2 - ml = ^(^1 " \y2\)(2V2y - Vl - Vs\y 2 \)v 2 u < 0, (A5) 



and, for the case of the inverse hierarchy with m 2 < m 2 , we must take the lower signs in 
Eqs.(A.2)-(A.3), i.e. 

ml-ml = ^(v% " Iy2|)(2v / 2y - yi - V3\y 2 \)v 2 u < 0, (A6) 

m 2 -ml = —j=(y/Zyi + |y 2 |)(2V2y -yi + V3\y 2 \)v 2 u < 0. (A.7) 
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Table 1 Solutions of R(p) = R obs 





m v /y 2 v u 


m a /y 2 v u 


m 7r /y 2 v u 


m vl [eV] 


m v2 [eV] 


m u3 [eV] 


2.94° 


-0.0775 


0.3781 


0.9225 


0.000368 


0.00877 


0.0523 


67.59° 


-0.0775 


-0.3781 


0.9225 


0.000368 


0.00877 


0.0523 


-35.64° 


0.6636 


0.6682 


-0.3364 


0.0515 


0.0523 


0.0132 


106.17° 


0.6636 


-0.6682 


-0.3364 


0.0515 


0.0523 


0.0132 



